Abstract. We report on an effective gauge theory of double-layer quantum Hall systems, that is constructed via bosonization from the response of incompressible states without referring to composite bosons and fermions. It is pointed out that dipole-active excitations, both elementary and collective, govern the long-wavelength features of quantum Hall systems, and the single-mode approximation is used to study them. The effective theory consists of three vector fields representing one interlayer collective mode and two cyclotron modes, and properly incorporates the spectrum of collective excitations on the right scale of the Coulomb interaction. Special emphasis is placed on exploring the advantage of looking into quantum Hall systems through their response; in particular, subtleties inherent to the standard ChernSimons theories are critically examined.
Introduction
The Chern-Simons (CS) theories [1, 2] realize the composite-boson and composite-fermion pictures [3, 4] of the fractional quantum Hall effect (FQHE) and have been successful in describing various features of the fractional quantum Hall states. They, however, have some subtle limitations as well [5] . In particular, when adapted to double-layer systems [6, 7, 8] , they differ significantly in collective-excitation spectrum from the magneto-roton theory of Girvin, MacDonald and Platzman [9] , based on the single-mode approximation (SMA).
In this paper we wish to report on a new approach [10] to effective theories of the FQHE, that relies on the incompressible nature of the quantum Hall states without referring to the composite-boson or composite-fermion picture. The basic tools used are projection to the Landau levels and functional bosonization [11] , which are combined to construct, via the electromagnetic response of the incompressible states, a long-wavelength effective theory of the FQHE. For single-layer systems this effective theory properly reproduces the results consistent with the CS theories. Our approach thus has logic independent of but complementary to the standard CS theories.
The real merit of our approach becomes prominent for double-layer systems. We shall examine the electromagnetic characteristics of double-layer systems within the SMA theory and derive an effective theory that properly incorporates the SMA spectrum of collective excitations. We shall thereby clarify the relation between the SMA theory and the CS theories. The effects of interlayer coherence and tunneling are also discussed.
Double-layer systems
Consider first a double-layer system in the absence of interlayer tunneling, with average electron densities ρ The system is placed in a common strong perpendicular magnetic field B z = B > 0. We suppose that the electron fields ψ (α) in each layer are fully spin polarized and assemble them into a pseudospin [12] doublet spinor Ψ = (ψ (1) , ψ (2) ) tr . Our task is to study how the system responds to weak electromagnetic potentials A (α) µ (x) (µ = 0, 1, 2) in three space, and we thus write the one-body Hamiltonian in the form
where
µ (x)} in terms of the potentials acting on each layer; A B = eB (−y, 0) supplies a uniform magnetic field B; the electric charge e > 0 has been suppressed by rescaling eA µ → A µ . The A − 0 coupled to ρ (1) −ρ (2) probes out-of-phase density fluctuations of the two layers while A + 0 probes in-phase density fluctuations. Let us now project our system into Landau levels. Let |N = |n, y 0 denote the Landau levels of a freely orbiting electron of energy ω c (n + 1 2 ) with n = 0, 1, 2, · · ·, and y 0 = ℓ 2 p x , where ω c ≡ eB/M and ℓ ≡ 1/ √ eB; we set ℓ → 1 below. We first pass into N = (n, y 0 ) space by a unitary transformation Ψ(x, t) = N x|N Φ n (y 0 , t) and then, by a subsequent unitary transformation Φ n (y 0 , t) → Ψ m (y 0 , t), make the one-body Hamiltonian diagonal in level indices. The resulting projected Hamiltonian is an operator in r ≡ (r 1 , r 2 ) = (iℓ 2 ∂/∂y 0 , y 0 ) with uncertainty [r 1 , r 2 ] = iℓ 2 . Let us focus on the lowest Landau level n = 0 in a strong magnetic field. The projected one-body Hamiltonian to O(A 2 ) readsH cyc +H em with [10]
where χ
where the two-spinor Ψ 0 defines the true lowest Landau level. The U (α) p denote the contributions quadratic in A (α) µ , and are given (for p = 0) by
with some given functions c(p, k) and h(p, k). They, however, differ slightly [10] from the projected charge densities (ρ
µ and, as a result, the projected Coulomb interaction 
which summarizes the response due to electromagnetic inter-Landau-level mixing, i.e., due to the cyclotron modes (one for each layer).
The electromagnetic interaction inH also gives rise to intra-Landau-level transitions. For single-layer systems the intra-Landau-level excitations are only dipole-inactive [9] (i.e., the response vanishes faster than k 2 for k → 0) as a result of Kohn's theorem, and the incompressible quantum Hall states show universal O(k) and O(k 2 ) long-wavelength electromagnetic characteristics determined by the cyclotron mode alone. The situation changes drastically for double-layer systems, which we discuss in the next section.
Electromagnetic response
In this section we examine the electromagnetic response of double-layer systems due to intraLandau-level processes by use of the projected single-mode approximation (SMA) [9] . Let |G denote the exact ground state of the present double-layer system. The SMA supposes that the density fluctuations over |G have predominant overlap with |G through the associated density operators ρ (α) . We here consider two modes, a phonon-roton mode |φ The normalization of the |φ
is called the (projected) static structure factor of the ground state |G ;
e . Similarly, we normalize |φ
In the SMA the static structure factorss ± (k) are the basic quantities, through which the effect of nontrivial correlations pertinent to the ground state is reflected in the dynamics. Invariance under translations of both layers implies an analog of Kohn's theorem for the interlayer in-phase collective excitations so thats + (k) ∼ |k| 4 for small k [5, 13] . As a result, the O(k) and O(k 2 ) in-phase response of the double-layer system is governed by the cyclotron modes.
On the other hand, the presence of interlayer interactions V 12 p spoils invariance under relative translations of the two layers and, unless spontaneous interlayer coherence is realized, the out-of-phase collective excitations become dipole-active [5, 13] ,
With this fact in mind we shall henceforth concentrate on the dipole-active out-of-phase response. Actually, particular sets of double-layer QH states of our concern are the Halperin (m 1 , m 2 , n) or (m, m, n) states [6] . For the (m, m, n) states the coefficient c − is known [13] :
To determine the excitation energy ǫ − k of the collective mode in the SMA one considers the (projected) oscillator strengthf
, which is calculable [5, 13] by use of the algebra (5). Saturating it with the single mode |φ − k then yields the SMA excitation gap ǫ
In the SMA we saturate the sum over |n by a single collective mode |φ
where Ω denotes the spatial surface area. Withs
, this leads to a dipole response of the form
where ω stands for i∂ t and ρ av = ρ
av . This response is not gauge invariant by itself. Fortunately, the field-dependent Coulomb interaction △H Coul serves to promote it into a gauge-invariant form and at the same time yields another important response, the ChernSimons term. The actual calculation is quite nontrivial since it requires evaluation of products of three charge operators such as G|S 
where the cyclotron-mode contribution in Eq. (7) has also been included. The effect of the collective mode is significant in the low-energy (ω ≪ ǫ 
Effective gauge theory
In the previous section we have calculated the response of a double-layer electron system. Once such a response is known, it is possible to reconstruct it through the quantum fluctuations of a boson field, a procedure known as functional bosonization [11] . Indeed, it is a simple exercise of functional integration to verify that, of the out-of-phase response S − eff in Eq. (14), the collective-mode contribution is reconstructed from the theory of a three-vector field ξ µ = (ξ 0 , ξ 1 , ξ 2 ), with the Lagrangian [10]
Similarly, the cyclotron-mode contribution in S − eff is reproduced from an analogous Lagrangian consisting of a pair of vector fields b
where summations over layer indices α are understood;
Thus the double-layer system is now described by a gauge-field theory with the Lagrangian L On the other hand, the CS theories, both bosonic and fermionic, lead to an effective theory of the FQHE, described by the dual-field Lagrangian of Lee and Zhang [17] . For the double-layer (m 1 , m 2 , n) states it is written in terms of a pair of vector fields b
The mixing matrix 
which thus fixes what appears to be the static structure factor of the
. In particular, for the (m, m, n) states they differ merely by the (out-of-phase) collective-mode spectrum:
Here we see spectra of different origin, one of Coulombic origin and one of orbital origin. From the above consideration emerge the following observations: The presence of the dipole-active out-of-phase collective excitations, inherent to double-layer systems, implies strong interlayer correlations that affect the long-wavelength characteristics of the doublelayer QH states. The leading O(∂) correlations are correctly incorporated into the CS theories by the flux attachment transformation, which, however, fails to take in the next-leading O(∂ 2 ) correlations; as a result, the collective-excitation spectrum is left on the scale of O(ω c ).
Interlayer coherence and tunneling
We have so far assumed the absence of interlayer coherence. It is possible to extend our analysis to double-layer systems in the presence of interlayer coherence and tunneling, where a variety of phenomena such as linearly dispersing collective modes and Josephson-like effects [14, 15, 18, 19, 20] attract attention. The relevant quantum Hall states are the ground states at filling ν = 1/m for odd integers m, believed to have total pseudospin S = N e /2, with their orbital wave functions well approximated by the Halperin (m, m, m) wave functions [6] .
We have studied the electromagnetic characteristics of the ν = 1 double-layer system by means of (i) a low-energy effective theory of pseudospin textures and (ii) the single-mode approximation, with essentially the same results [21] . Here we quote only some of the results. The low-lying neutral collective mode is a (pseudo) Nambu-Goldstone mode m(x) associated with spontaneous breaking of some pseudospin U(1) symmetry (exact for vanishing tunneling strength △ SAS → 0). It is described by an effective Lagrangian of the form
where ρ 
in terms of the field strengths in three space, where
Note that this response is gauge-invariant. This implies, in particular, that there is no Anderson-Higgs mechanism or no Meissner effect working in the present double-layer system.
A close comparison with the effective theory derived within the CS theory reveals that the difference is subtle for the (∂ t m − 2A
p 2 ; this shows the importance of Landau-level projection, of which no explicit account is taken in the CS approach. For the
Here we see that the CS approach attributes the pseudospin stiffness improperly to interLandau-level processes. Another difficulty is that an important low-energy response related to the drift of Hall electrons, the A − µ ǫ µνλ ∂ ν A − λ term, is missing in the CS theory. All these subtleties derive from the fact that the CS approach, because of the lack of Landau-level projection, fails to distinguish between the cyclotron modes and the collective excitation modes. The flux attachment in the CS approach properly introduces some crucial correlations among electrons, but unfortunately not all of them.
Summary and discussion
In this paper we have studied the electromagnetic characteristics of double-layer quantum Hall systems. The results of our analysis are summarized as follows: (1) It is pointed out that dipole-active excitations, both elementary and collective, govern the long-wavelength features of quantum Hall (QH) systems. In particular, the presence of the dipole-active interlayer out-of-phase collective excitations, inherent to double-layer systems, modifies the leading O(k) and O(k 2 ) characteristics of the double-layer QH states substantially.
(2) The CS theories properly incorporate some crucial correlations among electrons via the flux-attachment transformation, but not all of them. This explains why they correctly account for O(∂) features, such as the Hall conductance, vortex charges and long-range orders, while they leave the collective-excitation spectrum on the scale of the Landau gap∼ ω c . (3) An effective gauge theory reconstructed from such electromagnetic characteristics consists of three vector fields representing one interlayer collective mode and two inter-Landaulevel cyclotron modes. It properly incorporates the single-mode approximation spectrum of collective excitations, as well as the favorable transport properties of the standard CS theories.
The idea underlying our approach is to explore the properties of QH states via their electromagnetic response, which in some cases is calculable by relying on the incompressible nature of the QH states without the details of the microscopic dynamics. The examples reported in this paper would combine to enforce again the fact that incompressibility is the key character of the QH states and prove that studying the response offers not only a fresh look into the quantum Hall systems but also a practical means for constructing effective theories without referring to composite bosons and fermions. 
